OVERLAYS AND GROUP ACTIONS 



JERZY DYDAK 



January 21, 2013 

Abstract. Overlays were introduced by R.H.Fox \U\ as a subclass of covering 
maps. We offer a different view of overlays: it resembles the definition of para- 
compact spaces via star refinements of open covers. One introduces covering 
structures for covering maps and p : X — ¥ Y is an overlay if it has a covering 
structure that has a star refinement. 

We prove two characterizations of overlays: one using existence and unique- 
ness of lifts of discrete chains, the second as maps inducing simplicial coverings 
of nerves of certain covers. We use those characterizations to improve results of 
Eda-Matijevic concerning topological group structures on domains of overlays 
whose range is a compact topological group. 

In case of surjective maps p : X — ¥ Y between connected metrizable spaces 
we characterize overlays as local isometries: p : X — ¥ Y is an overlay if and only 
if one can metrize X and Y in such a way that p\B(x, 1) : B(x, 1) — > B(p(x), 1) 
is an isometry for each x S X. 

1. Introduction 

R.H.Fox [B] introduced overlays p : X — > Y as maps such that Y has an open 
cover U with the property that each U £ U is evenly covered and there is a set S 
so that each U £U, can be decomposed as a disjoint union lj sgs U s with 

p\U s : U s — >• U being a homeomorphism. Moreover, if U, V € U intersect, then there 
is a reindexing of elements of decompositions of preimages p^ 1 (f7), so that 

U s n V t 7^ implies s = t. 

Remark 1.1. The definitions of overlays in [12] (Definition 1.1) and [TT] (the text 
prior to Proposition 7.2) must be read in the spirit of the above definition. Namely, 
they do not mean that each p _1 (C7), U G IA, has a fixed decomposition as a disjoint 
union Uses U s with p\U s : U s — > U being a homeomorphism. The decomposition is 
fixed in terms of sets, not in terms of indexing by elements of S. 

The reason overlays are needed is that for general topological spaces one cannot 
build a theory of covering maps similarly to that for locally connected spaces (see 
examples in [8] and [3]). 

In this paper we offer a different view of overlays: it resembles the definition of 
paracompact spaces via star refinements of open covers. One introduces covering 
structures for covering maps similarly to overlay structures as in |12j . p : X — >• Y 
is an overlay if it has a covering structure that has a star refinement. 

We prove two characterizations of overlays: 
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1 . p : X — > Y is an overlay if and only if there is an open cover S of X such that 
every W-chain, 1A — p(S), has a lift that is an 5-chain and that lift is unique. 

2. p : X — ¥ Y is an overlay if and only if there is an open cover S of X such that 
for U = p{S) the induced map Af(S) — > N(U) of nerves of covers is a simplicial 
covering. 

Characterization 1 uses ideas of Berestovskii-Plaut [1] later expanded in [2] . 

In case of surjective maps p : X — > Y between connected metrizable spaces we 
characterize overlays as local isometries: p : X — >■ Y is an overlay if and only if 
one can metrize X and Y in such a way that p\B(x, 1) : B(x, 1) — > B{p(x), 1) is an 
isometry for each x £ X. 

The author is grateful to Katsuya Eda and Vlasta Matijevi c for several comments 
that improved the exposition of the paper. 

2. Covering actions 

Definition 2.1. Given a free action of a group G on a topological space X, by a 
slice we mean an open subset U of X such that U O (g ■ U) ^ implies g — \q. 

Definition 2.2. A covering action of a group G on a topological space X is a 
free action such that X can be covered by slices. 

Notice every covering action of G on X induces a covering map p : X — >• X/G 
from X to the space of orbits X/G provided it is given the quotient topology. 

Proposition 2.3. If G acts freely on a topological space X and the induced map 
p : X — > X/G is a covering map, then the action is a covering action. 

Proof. Suppose V C X/G is open and evenly covered by p. Pick U C p _1 (V r ) such 
that p\U : U — > V is a homeomorphism. If x £ U D (g ■ U), then U contains both x 
and <7 _1 • x. As p\U is injective, x = g^ 1 ■ x resulting in g = 1q. Thus U is a slice 
of the action and the action is a covering action. □ 

We extend the concept of a slice to covering maps: 

Definition 2.4. Given a covering map p : X — >• Y, a slice U of p is an open subset 
of X such that p^ 1 (p{U)) can be decomposed into a disjoint union {£/s} s gs of open 
subsets of X with the following properties: 

1. p\U s : U s — > p{U s ) is a homeomorphism of U s onto V — p(U) for each s £ S, 

2. U t = U for some t £ S. 

U is also going to be called a slice over p(U). 

That leads to the following 

Definition 2.5. Given a covering map p : X — !> Y, a covering structure 5 of p 

is an open cover of X by slices of p such that for each U £ S, p~ 1 (p(U)) can be 
decomposed into a disjoint union {Uj}j^j of elements of S satisfying p(Uj) = p{U) 
for each j £ J. 

3. Overlay actions 

Definition 3.1. An overlay action of a group G on a topological space X is a 
free action such that X has a covering structure W with the property that for any 
x £ X the open star st{x,U) = \_]{U £ U\x £ U} is a slice of the action. 
In that case U is called an overlay structure of the action. 
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Problem 3.2. Is every covering action an overlay action? What about finite group 
actions? 

Proposition 3.3. Given a free action of a group G on a topological space X the 
following conditions are equivalent: 

a. the action is an overlay action, 

b. X has an open cover IA with the property that for any pair U,V G U there is 
g G G making U U g ■ V a slice of the action. 

Proof, a) => b). Choose a cover structure IA with the property that for any x G X 
the open star st(x,U) a slice of the action. Given two elements U,V G U either 
there is no g G G such that U D g ■ V ^ 0, in which case U U V is a slice of the 
action, or there is g G G such that x G U P\ g ■ V for some x G X . In this case 
g -V eM and U U g ■ V C st(x, IA), so U U g ■ V is a slice of the action. 

b) a). Let V be the cover of X consisting of g ■ U, g G G and U G U. V is 
an overlay structure on X . Indeed, given i£l and given y, z G st(x, V) such that 
z = h ■ y for some h G G, there exist U\,U2 G V so that a; G g\ ■ U\ fl ife • E/2 and 
y E gi ■ Ui, z E g2 ■ U-2- Choose g G G so that ?7i U <? • D2 is a slice of the action. 
Since this set contains both g^ 1 ■ x and g ■ g^ 1 • x, g-f 1 = g ■ g^ 1 . Now, g± 1 • y G U±, 
g ■ g^ 1 ■ z G g ■ U2, so they must be equal resulting in y = z. That means st(x, V) is 
a slice of the action. Clearly, g ■ st(x, V) = st(g ■ x, V), so the family si(:r, V), x E X, 
is a cover structure on X. □ 

Proposition 3.4. Suppose G acts on a topological space X. If X/G has an open 
cover U consisting of connected subsets such that for each pair U,V G U the union 
U U V is evenly covered by the projection p : X — > X/G, then the action is an 
overlay action. 

Proof. Notice slices over each element of IA are uniquely determined leading to a 
cover V of X by slices of the action. Choose U, V G V. If p(U) n p(V) = 0, then 
clearly U U V is a slice of the action. 

Suppose y G p(U)(lp(V), pick x G U Dp~ 1 (y) and choose g G G so that g~ x -x G V. 
We claim UUg ■ V is a slice of the action. Indeed, Up(V) is evenly covered and 
the slice over it containing x has to contain both U and g ■ V. Therefore U U g ■ V 
is a slice of the action. □ 

Proposition 3.5. If H is a normal, closed, and discrete subgroup of a topological 
group G, then the natural right (respectively, left) action of H on G has an overlay 
structure in the form of {U ■ g} g eG for any open, symmetric neighborhood U of 1q 
satisfying U 4 D H = {1g}- 

Proof. Claim 1: If (U ■ g) C (U ■ f) ^ 0, then g ■ / _1 G U ■ U. 

Proof of Claim 1: u ■ g = v ■ f results in g ■ f^ 1 = u^ 1 ■ v G U^ 1 ■ U = U ■ U . □. 

Claim 2: If (U ■ g) n (U ■ /) ^ and (U ■ g) n (U ■ f ■ h) ^ for some h G H, then 

h=l G . 

Proof of Claim 2: By Claim 1, g-f' 1 G U-U and g- {f-h)- 1 G U-U. Consequently, 
9 ■ (/ ' = 9 ■ I" 1 ■ (/ ■ h- 1 ■ f- 1 ) eU -U resulting in f ■ h' 1 ■ f- 1 eU^HH. 
Hence h = 1h- □. 

Proof of 13. 5t Given U ■ g and U ■ f their union is clearly a slice of the action if 
p(U ■ g) (~l p(U ■ f) — 0. Otherwise we may consider the case (U ■ g) n (U ■ f) ^ 
and their union is not a slice of the action if there is h G H \ {1g} such that 
(U ■ g)n(U ■ f ■ h) ^ 0. That contradicts Claim 2. □ 
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Problem 3.6. If H is a closed discrete subgroup of a topological group G, then is 
the right action of H on G an overlay action? 

Definition 3.7. If an action of G is an overlay action, then the image of any overlay 
structure is called an overlay cover of X/G. 

Corollary 3.8. If p : X — » Y is a continuous epimorphism of topological groups 
that is a homeomorphism when restricted to some non-empty open set V C X , then 
there is an open neighborhood W o/ly such that the family {W -y} V £Y is an overlay 
cover of Y . 

Proof. Let H = ker(p). Notice H is normal, closed, and discrete subgroup of X. 
Bv l3.5l there is an open neighborhood U of lx in X such that the family {U -x} x ^x 
is an overlay structure of p. Put W — p(U) and notice the image of the family 



Definition 4.1. Given a map p : X — > Y, an overlay structure of p is a covering 
structure S of X such that for any x £ X the star st(x, S) is a slice of p. 
The image of S is called an overlay cover of Y. 
p is an overlay if it has an overlay structure. 

Example 4.2. Consider the covering map p : R — > S 1 given by p(t) = exp(2nti) . 
Notice that the family of open intervals {(a, a + l)} a6 ^ is a covering structure of p 
but is not an overlay structure of p. 

Corollary 4.3. An action of G on a topological space X is an overlay action if 
and only if p : X — > X/G is an overlay. 

Proposition 4.4. Suppose S is a covering structure of p : X — > Y . The following 
conditions are equivalent: 

a. S is an overlay structure, 

b. If a slice U £ S intersects two different slices V,W £ S, then p(V) ^ p(W), 

c. If two slices U, V £ 5 intersect, then U n V is a slice over p(U) Pi p(V) . 

Proof, a) => b) . If a slice U in S intersects two different slices V, W € S such 
that p(V) — p(W), then we pick x £ U D V and notice it causes a contradiction as 
V n p^ 1 (p(U n W)) and U n W are disjoint, non-empty, contained in U U V , and 
with equal images under p. 

b) ==>• c). Suppose two slices U, V £ S intersect and x £ U withp(x) £ p(U)np(V). 
We claim x £ V which is sufficient to conclude that UHV is a slice over p(U)Pip(V). 
Indeed, if x ^ V, then there is a slice W £ S over p(V) containing x. That 
contradicts x £ U C\W and U CiV ^ 0. 

c) a). Pick x £ X. It suffices to show p\st(x,S) is injective. Suppose y, z £ 
st(x, S) and p(y) = p(z). Choose U, V £ S containing x such that y £ U and z £ V. 
Since p(y) £ p{U) (~1 p(V), there is t £ U D F satisfying = p(y). Hence t = y 
and t = z resulting in y = z. □ 

Corollary 4.5. Our definition of overlays coincides with that of Fox provided fibers 
of p : X — > Y have the same cardinality. 

Proof. Fox's definition amounts to Condition b) in 14.41 plus assumption of fibers of 
p having the same cardinality. □ 



{U ■ x} x£X is {W ■ y} V £Y- 



□ 
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Remark 4.6. See [7] or |12j for examples of covering maps that are not overlays. 

Here is a basic example of an overlay structure: 

Example 4.7. Suppose p : X — >■ Y is a covering map. If IA is an open cover of 
Y consisting of connected sets such that U U V is evenly covered for any U, V £ IA, 
then IA is an overlay cover and S consisting of components o/p _1 (?7), U £ IA, is 
an overaly structure. 

Proof. Same as in 13.41 □ 

Corollary 4.8 (Mardesic-Matijevic [9] , Fox [7] in the metric case). If p : X —> Y 
is a covering map and Y is locally connected paracompact, then p is an overlay. 

Proof. Consider an open covering of Y consisting of connected subsets that are 
evenly covered by p. Choose a star refinement IA of that cover consisting of con- 
nected subsets of Y. By 14.71 it is an overlay cover. □ 

It is clear that a subset of an evenly covered set is evenly covered. The corre- 
sponding result for overlay covers is less obvious. 

Lemma 4.9. Any open refinement of an overlay cover is an overlay cover. 

Proof. Given W C U and given a decomposition of p _1 (£7) into slices {C/ S } se s over 
U, we define W s :— U s f]p~ 1 (W). If W C V, where V is another member of the 
overlay cover of Y , we know the slices over V are of the form V s , s £ S, such that 
V s intersects only U s among slices over U. Therefore U s Cip^ 1 (W) = V s <lp~ 1 (W) 
for each s £ S and the choice of slices over W is unique. 

This recipe allows for creation of an overlay structure over V if it is a refinement 
of an overlay cover IA with a given overlay structure over it. □ 

Lemma 4.10. If fibers of a covering map p : X —t Y are finite and X is Hausdorff, 
then any open cover V of X can be refined by a covering structure. 

Proof. We may assume that each element of V is a slice of p. For each y £ Y 
choose V(x) £ V for all x £ p~ l (y), then put U(y) = f| p(V(x)). Put W(x) = 

xep~ 1 (y) 

V(x) np~ 1 (U(p(x)) for x £ X. If p(x) = p(x') and x ^ x', then W(x) n W(x') is 
open-closed in both W(x) and W(x'). Remove those sets forming 

S{x) = W{x) \ [j W{x) n W(x') 

x'Gp- 1 (p(a:))\{i:} 

and notice {S(x))} xl zx is a covering structure of p refining V. □ 

Corollary 4.11 (V.Matijevic [10]). // p : X — > Y is a covering projection with 
finite fibers and X is paracompact, then p is an overlay. 

Proof. Given a covering structure of p pick its star refinement and then refine it by 
a covering structure S using 14.101 Clearly, 5 is an overlay structure of p. □ 

Here is another basic example of overlays in case of metric spaces. 

Example 4.12. If p : X — > Y is a surjective map such that for some r > the 
induced map p : B{x,r) — » B(p{x),r) is an isometry for each x £ X, then p is an 
overlay. 
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Proof. Consider S = {B(x,r /3)\x E A}. Notice it is a covering structure. As 
st(x,S) C B(x,r) for each x E X, it is an overlay structure. □ 

Remark 4.13. Lemma 1.4 of [12] shows it is sufficient to assume r depends on x E X. 
However, our interest is in the converse of 14.121 - see 15.41 

5. Chain lifting 

Definition 5.1. Given a cover U of Y, by a W-chain {yo, . . . , y n } we mean a finite 
sequence of points of Y such that for each < i < n there is U E W containing 
both yi and j/i+i. 

A W-chain {yo, . . . , y n } is called a W-loop if yo = y n . 

Definition 5.2. Suppose p : X — > Y is a surjective function and {yo, • ■ • , Un} is a 
chain of points in Y. A chain {xo, . . . , x n } in A is a lift of {yo, . . . , y n } if p(xi) = yi 
for < i < n. 

Theorem 5.3. Suppose p : X ^ Y is an open surjective map. If S is an open 
cover of X andlA =p{S), then the following conditions are equivalent: 

a. S is an overlay structure of p : X — » Y, 

b. Given a U-chain {yo, ■ ■ ■ , y n }j and given xq E X such that p(xo) = yo, there is 
a unique lift {xq, ■ ■ ■ , x n } of {yo, ■ ■ ■ , y n } that is an S-chain. 

Proof, a) b). It suffices to consider n — 1 as the general case follows by 
induction. If {yo, yi} is a t/-chain and p(xq) = yo, then we pick U E S with yo, yi E 
p{U). Next, we pick a slice V over p(U) containing xq. Put x\ = p~ 1 (yi)CiV. That 
shows existence of a lift of {yoiHi} that is an 5-chain. Suppose another 5-chain 
{x , x} is a lift of {yo, yi}- Choose We5 containing x and x. By |4.4[ V PI is a 
slice over f>( V) fl p(W) . As yi E p(V^) fl , x,x% E F PI W which implies x = x\ . 
That shows uniqueness of 5-lifts. 

b) =>• a). Notice p\U is injective for each U E 5 as otherwise we have non- 
uniqueness of lifts of chains of the type {y, y}. 

Suppose U, V £ S contain xo and y\ E p(U) f)p(V). Let {xo, x{\ be an 5-lift of 
{p(xo),yi}- If x\ U, there is another <S-lift of {p(xo),yi}, a contradiction. Thus 
x\ E J/nV^ proving p : U C\V — > p(U)P\p(V) is surjective, hence a homeomorphism. 

□ 

Here is a converse to 14.121 

Theorem 5.4. If p : X — > Y is an overlay of connected metrizable spaces, then 
one can metrize X and Y in such a way that p\B(x, 1) : B{x, 1) — > B(p(x), 1) is an 
isometry for each x E X . 

Proof. Pick an overlay cover U. Choose a partition of unity {<j)j{^j on Y subordi- 
nate to a star-refinement V of U. Given a metric d on Y define a new metric by the 
formula dy(y, z) — d(y, z) + J2jej \4>j{y) ~ fiji^l an d notice it is equivalent to d. If 
y and z do not belong to the same element of V, then either 4>j(y) — or <j>j(z) = 
for each j E J. Therefore dy(y, z) > 2. Consequently, each ball B{y, 2) has to be 
contained in an element of U as it is contained in st{y, V). 

Pick an overlay structure S over {B(y, 2)}j, e y. Define a metric dx on X as fol- 
lows: dx(x, x') is the infimum of X)™=o dY(p(xi),p(xi+i)) over all iS-chains {xq, ■ ■ ■ , x- 
joining x and x'. 
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Suppose p(x) — p(x'), x ^ x', and dx(x,x') < 2. Pick an 5-chain {xq = 
x, x\, . . . , x n +\ = x'} such that X)"=o {p(xi),p(xi+\)) < 2. That means all 
p(xi) £ B(p(x),2), so 5-lifts of {p(x ),p(xi), . . . ,p{x n+ \)} must be 5-loops, a con- 
tradiction. That shows p\B(x, 1) : B(x, 1) — > B(p(x),l) is an isometry for each 

x e x. 

Notice dx induces the same topology on X as the original topology. □ 

Proposition 5.5. Given an overlay structure S of p : X — > Y with overlay struc- 
ture S, let G be the group of deck transformations of p preserving S. If X is 
connected, then the action of G on X is an overlay action with overlay structures. 
Moreover, p factors as the composition of the projection X — > X/G and an overlay 
q : X/G — > Y with overaly structure in the form of images of elements of S. 

Proof. Recall h : X — > X is a deck transformation of p if it is a homeomorphism 
and po h = p. h preserves S if h(U) £ S for every U £ S. 

Suppose h(xo) = Xq for some xo £ X. Given x £ X pick an 5-chain {x , . . . ,x n = 
x}. The 5-chains {h(xo), • • • , h{x n )} and {x , ■ . . , x n } are lifts of the same chain in 
Y, so they are equal. Thus h(x) — x. That means G acts freely on X. 
If h(Uo) n Uq 7^ for some slice Uo e S, then h(Uo) = Uq as both are members of 
S. Again h — idx as above. That means the action of G on X is a covering action 
and each U £ S is a slice of that action. 

Suppose U, V £ S. If q : X -> X/G is the projection and q(U) f) q(V) = 0, then 
clearly U U V is a slice of the action of G on X. Otherwise, U (~l ft(V) 7^ for 
some h £ G. We claim 17 U is a slice of q. Indeed, if there is g £ G \ {1g} 

with (£/ U h{V)) n ,g([7 U ^ 0, then ^(f/) is disjoint from U resulting in 

g(U) n h(V) 7^ 0. That means h(V) intersects two different slices U and g(U) over 
the same set p(U), a contradiction. 

The proof that q : X/G — > F has overaly structure in the form of images of 
elements of S is similar to that of the action of G being an overlay action. □ 

6. Regular overlays 

Definition 6.1. An overlay structure S of p : X — > Y with overlay cover U is 
called regular if there is no W-loop with one lift being an 5-loop and another lift 
being a non-loop. 

Example 6.2. Every overlay structure of an overlay action of G on X is regular. 

Proof. Given a lift {xo, . . . , x n } of a chain in the overlay cover of X/G, every other 
lift of that chain is of the form {g ■ xq, ■ ■ ■ , g • x n }. Therefore if {xq, . . . ,x n } is a 
loop, so is {g ■ x , . . . ,g ■ x n }. □ 

Theorem 6.3. Suppose S is an overlay structure of p : X — > Y with overlay cover 
U. If G is the group of deck transformations of p preserving S and X is connected, 
then the following conditions are equivalent: 

a. S is a regular overlay structure, 

b. G acts transitively on each fiber of p, 

c. There is a homeomorphism h : Y — >• X/ G such that hop is the projection 
X^X/G. 

d. Every overlay structure of p is regular. 
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Proof, a) =>■ b). Pick two elements x,y £ X satisfying p(x) — p(y) and pick 
an iS-chain {xq, . . . ,x n } from x to y. Given any point z G X choose an iS-chain 
{zq, . . . , z m } from x to z. Define h(z) as the end-point of the lift {p(zo), ■ ■ ■ ,p(z m )} 
starting from y. 

Notice h(z) does not depend of the choice of {zq, . . . , z m }. Indeed, given another 
5-chain {wq, . . . , w q } from x to z, {p(zo), ■ ■ ■ ,p(z m ),p(w q ), . . . ,p(wo)} is a loop that 
lifts to a loop starting from x. Hence its lift starting from y is a loop resulting in 
independence of h(z) on the chain {zq, . . . , z m } (the lifts of p(z m ) and p{w q ) must 
be equal as they belong to the same fiber of p). The same argument shows h is 
injective. 

That also implies h is continuous and open as the slice containing z gets to be 
mapped to the slice containing h{z). Observe h{x) — y as we can choose {x} to be 
the chain in the definition of h(x). 

b) c). In that case the fiber of p containing x equals G ■ x and the action of 
G on X is an overlay action with the same overlay structure as that of p (see !5.5p . 
Consequently, there is a natural bijection h : Y — > X/G satisfying hop equal to the 
projection X — > X/G. Clearly, ft, is a homeomorphism. 

c) =>. d). Use El 

a) is a special case of d) . □ 
The following is a converse to 13.81 

Theorem 6.4. Suppose p : X — > Y is a regular overlay, X is connected, and Y is 
a topological group. If there is an open neighborhood U of ly in Y such that the 
family 1A = {U ■ y} y eY is an overlay cover ofY, then one can put a structure of a 
topological group on X making p a continuous homomorphism. 

Proof. Pick an overlay structure S over U. Pick xq 6 X with p(xq) = ly- 

Suppose {j/i, . . . , y n } is a W-chain. That means existence of Zi G Y such that 
Uii Vi+i € U ■ Zi for all i < n. Notice {y\ ■ y, . . . , y n ■ y} is a W-chain for each y G Y. 
Indeed, y h y i+1 G U ■ z { implies yt ■ y, y i+1 ■ y G U ■ z { ■ y, so {y\ ■ y, . . . , y n ■ y} is a 
U- chain. 

Claim 1: If an S- lift of {y\ ■ y, . . . ,y n ■ y} is a loop (respectively, is not a loop), 
then there is a neighborhood N(y) of y such that for every t G N(y) every 5-lift of 
the U-loop {yi ■ t, . . . , y n ■ t} is a loop (respectively, is not a loop). 
Proof of Claim 1: If we choose t so close to y that j/j • t G U ■ Zi for all i < n 
and yi+i • t G U ■ Zi for i < n, then any (S-lift of {yi ■ y, . . . ,y n • y} induces a lift of 
{yi-t, . . . , y n -t} via the same slices. Therefore end-points of a lift of {yi-t, . . . , y n -t\ 
are in the same slice, hence are equal (respectively, not equal). □ 

Claim 2: If an 5-lift of {yi, . . . , y n } is a loop, then for every t G Y every 5-lift 
of the W-loop {yi ■ t, . . . ,y n ■ t} is a loop. 

Proof of Claim 2: Let E be the set of t such that every iS-lift of the U-\oop 
{yi ■ t, . . . ,y n ■ t} is a loop. By Claim 2 both S and its complement are open. Since 
ly G S, S = Y. □ 

Claim 3: For each x G X there is a unique homeomorphism h : X — > X 
preserving S such that h(xo) = x and p(h(z)) = p(z) ■ p(x) for each z£l. 
Proof of Claim 3: Given z G X pick an 5-chain C(z) from a;o to z. Lift p(C z )-p(x) 
starting from x to obtain h(z) as the end of the lift. Notice h{z) is independent on 
the chain C{z) by Claim 2. It is injective as p{C z ) -p{x) having the same end-point 
of the lift as p(C t ) ■ p(x) implies (Claim 2) that p{C z ) has the same end-point of 
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its lift C z (it is z) as the lift Ct of p(Ct) (it is t) - in both cases we lift starting 
from xo- It is clear h preserves S and is surjective. Therefore both h and h~ x are 
continuous. □ 

Proof of !6.4l Let G be the group of homeomorphisms h of X preserving S such 
that there is G Y with (p o h)(x) = p{x) ■ yh for each x G AT. Let : G — >• X 
be the evaluation function ^>(/i) = h(xo). By Claim 3, is surjective. Observe 
h(xo) = g(xo) implies yh = y g and /i = g. Thus </> is bijective and we can use it to 
give X the desired structure of a topological group. □ 



Theorem 7.1. Suppose S is a covering structure of p : X — > Y and U = p(S). 
The following conditions are equivalent: 

a. S is an overlay structure of p : X —tY, 

b. the induced map N(p) : N(S) — > Af(U) of nerves of covers is a covering map. 



show it is evenly covered by N{p) : Af(S) -> N(U). Pick V e S so that p{V) = U. 
Given any Ui &U intersecting U there is exactly one Vi G S intersecting V such that 



p(Vi) = Ui. Also, if y G U fl f] Ui, then there is unique x G V satisfying p(a;) = y. 



Notice x G Vi C\p~ 1 (y) as st(x,S) is a slice of p. That means p~ 1 (st(U,Af(U))) is 
the disjoint union of st(V,Af(S)), V ranging over all elements of S whose image is 
U, and each of st(V,Af(S)) is mapped homeomorphically onto st(U,N(U)). 
b) => c) is obvious. 



Corollary 7.2. Suppose p : X —±Y is a map of connected spaces. IfY is paracom- 
pact, then p : X — > Y is an overlay if and only if it is the pull-back of a simplicial 
covering. 

Proof. Notice every simplicial covering is an overlay and the pull-back of an overlay 
is an overlay. 

Suppose p : X — >• Y is an overlay with overlay structure S and the corresponding 
overlay cover U. Pick a point-finite partition of unity <p — {4>u}ueu on Y such that 
(f>u(Y \U)C {0} for each U G U. By O the natural map N{p) : Af(S) -> N{U) is 
a simplicial covering. We claim p is the pull-back of Af(p) under <j) : Y — > Af(U) . 

Given V G S, define ipv ■ X — > [0,1] via ^v( x ) = i'uipix))^ where U = p{V). 
Notice ip = {ipv}ves '■ X — > N{S) is a partition of unity on X such that N(p)oip = 
<t> o p. 

Suppose y G Y and z = J2ves c v ■ V & A/"(<S) such that <p(y) = Af(p)(z). That 
means cy = (f> p {y) (y) for each V E S. Indeed, one cannot have p(V) = p(W) and 
cy ^ 0, cw ^ for two different elements V and W of 5. If cy ^ 0, pick unique 
xy G V such that p(a;y) = y. As the intersection of all V G S satisfying cy ^ 
contains some element w of X and s£(iu, 5) is a slice, we conclude = xw for all 
V, W G 5 satisfying cy ^ 0, cvy 7^ 0. That means x = xy is the unique point of X 
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for which p(x) = y and i/j(x) — z. That proves p is the pull-back of Af(p) under <f> 
as p is an open map. □ 

Remark 7.3. In case of overlays over compact metric spaces. [7. 2 1 was proved in 
(Lemma 7.3). 

Corollary 7.4. If p : X — > Y is an overlay, X is connected, and Y is a compact 
topological group, then one can put a structure of a topological group on X making 
p a continuous homomorphism and ker(p) finitely generated and Abelian. 

Proof, p is the pull-back under a map / : Y — > K of a simplicial covering. Now, / 
can be factored (up to homotopy) through a compact Lie group K' and a continuous 
homomorphism h : Y — > K ' as Y is the inverse limit of compact Lie groups. The 
corresponding connected covering q : L' —> K' is regular (the fundamental group 
of K' is Abelian) and the space L' can be converted to a topological group (use 
16. 4[) with the kernel being finitely generated and Abelian (as it is isomorphic to a 
subgroup of a finitely generated Abelian group tti(K' )). The pull-back of q under 
h gives rise to a structure of a topological group on X with the same kernel as that 
of q. □ 

Remark 7.5. Eda-Matijevic [5] proved 17.41 without concluding ker(p) is finitely 
generated and Abelian. In case of Y being a solenoid they proved ker(p) is finite. 



[l 
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[4; 
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